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Efficiency of the Keplerian accretion in the braneworld Kerr–Newman spacetimes and
mining instability of some naked singularity spacetimes
Martin Blaschke∗ and Zdeneˇk Stuchl´ık†
Institute of Physics and Research Centre of Theoretical Physics and Astrophysics,
Faculty of Philosophy and Science, Silesian University in Opava,
Bezrucˇovo na´m. 13, CZ-746 01 Opava, Czech Republic
We show that the braneworld rotating Kerr–Newman black hole and naked singularity spacetimes
with both positive and negative braneworld tidal charge parameter can be separated into fourteen
classes according to properties of circular geodesics governing the Keplerian accretion. We determine
efficiency of the Keplerian accretion disks for all braneworld Kerr–Newman spacetimes. We demon-
strate occurrence of an infinitely deep gravitational potential in Kerr–Newman naked singularity
spacetimes having the braneworld dimensionless tidal charge b ∈ (1/4, 1) and the dimensionless spin
a ∈ (2
√
b−
√
b(4b− 1), 2
√
b+
√
b(4b− 1)), implying unbound efficiency of the Keplerian accretion
and possibility to extract the whole naked singularity mass. Therefore, we call them braneworld
“mining-unstable” Kerr–Newman naked singularity spacetimes. Fundamental restriction on the rel-
evance of the extraordinary but fully classical phenomenon of the mining instability is given by
validity of the assumption of geodesic motion of the accreting matter.
PACS numbers: 11.25.Uv 04.70.Bw , 04.50.-h
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I. INTRODUCTION
In recent years, one of the most interesting and promis-
ing approaches to the force-unification theory is repre-
sented by the higher-dimensional String theory and par-
ticularly M-theory [1, 2]. In the String and M-theory,
gravity is described as a truly higher-dimensional inter-
action becoming effectively 4D at low enough energies.
These theories inspired the so called braneworld mod-
els, in which the observable universe is a 3D-brane on
which the standard particle-model fields are confined,
while gravity enters the extra spatial dimensions [3].
The braneworld models provide an elegant solution to
the hierarchy problem of the electroweak and quantum
gravity scales, as these scales could become of the same
order (TeV) due to the large scale extra dimensions [3].
In fact, gravity can be localized near the D3 brane in
the bulk space with a non-compact, infinite size extra
dimension with the warped spacetime satisfying the 5D
Einstein equations [4] - the non-compact dimension can
be related to the M-theory. Future collider experiments
can test the braneworld models quite well, including even
the hypothetical mini black hole production [5].
The 5D Einstein equations at the bulk space can be
constrained to the 3D brane implying thus modified 4D
Einstein equations [6]. Solution of these constrained 4D
Einstein equations is quite complex in the presence of
the matter stress energy tensor, e.g., in the case of models
of neutron stars [7–9]. However, it can be relatively sim-
ple in the case of vacuum solutions related to braneworld
black holes. For both, the spherically symmetric and
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static black holes that can be described by the Reissner–
Nordstro¨m geometry [10], and the axially symmetric and
stationary rotating black holes that can be described by
the Kerr–Newman geometry [11], the influence due to
the tidal effects from the bulk is simply represented by
a single parameter that is called tidal charge because
of the similarity of the effective stress-energy tensor of
the tidal effects of the bulk space and the stress-energy
tensor of the electromagnetic field [10].
The rotating braneworld black hole spacetimes, and
the related naked singularity spacetimes, are thus rep-
resented by the Kerr–Newman geometry, but without
the associated electromagnetic field occurring in the stan-
dard general relativity [12]. The tidal charge parame-
ter can be both positive and negative [10, 11], while in
the standard general relativity only positive parameter
corresponding to the square of the electric charge occurs.
The standard studies of the Reissner–Nordstro¨m
or Kerr–Newman black hole and naked-singularity
geodesic motion [13–17] can thus be directly applied for
the braneworld black holes and naked singularities with
positive tidal charge. The astrophysically relevant impli-
cations of the geodesic motion were extensively studied
for the braneworld black holes (with both positive and
negative tidal charges) in a number of papers related to
the optical effects [18–25], or the test particle motion [26–
33].
Here we study circular motion of test particles and
photons in the braneworld Kerr–Newman spacetimes
and give classification of the braneworld black hole and
naked singularity spacetimes according to the properties
of the radial profiles of specific angular momentum and
specific energy of sequences of corotating and retrograde
circular orbits. We give the classification for both the pos-
itive and negative values of the dimensionless tidal charge
parameter. We also determine efficiency of the Keplerian
2accretion disks that is related to the astrophysically rel-
evant accretion from infinity (large distance) downwards
to the first limit on existence of stable circular geodesics.
A very detailed analysis of the circular motion of elec-
trically neutral test particles in the standard Kerr–
Newman spacetimes has been presented in [17], where
both black hole and naked singularity spacetimes were
discussed. The results of this study are relevant in
the braneworld spacetimes with positive tidal charges; we
do not repeat them, focusing our study to the phenom-
ena related to the Keplerian accretion, its efficiency, and
the phenomenon of a new special instability of the naked
singularity spacetimes that were not considered in the pa-
per [17]. Along with the standard classical instability
due to the Keplerian accretion occurring in the Kerr
naked singularity spacetimes, leading to their conversion
to a Kerr black hole [34–37], we have found a special class
of classical instability, called here “mining” instability, as
this instability is related to an unlimitedly deep gravita-
tional potential well, occuring in the class of the Kerr–
Newman naked singularity spacetimes with appropriately
restricted values of their dimensionless spin a and dimen-
sionless tidal charge b. We briefly discuss the limits on
the applicability of the Keplerian accretion in relation to
the mining instability.
II. BRANEWORLD KERR–NEWMAN
GEOMETRY
Using the standard Boyer-Lindquist coordinates
(t, r, θ, ϕ) and the geometric units (c = G = 1), we
can write the line element of a rotating (Kerr–Newman)
black hole or naked singularity, representing solution of
the Einstein equations constrained to the 3D-brane, in
the form [10, 11]
ds2 = −
(
1− 2Mr − b
Σ
)
dt2 − 2a(2Mr − b)
Σ
sin2θ dt dϕ+
Σ
∆
dr2
+Σdθ2 +
(
r2 + a2 +
2Mr − b
Σ
a2sin2θ
)
sin2θ dϕ2 , (1)
where
∆ = r2 − 2Mr + a2 + b , (2)
Σ = r2 + a2cos2θ . (3)
M is the mass parameter of the spacetime, a = J/M
is the specific angular momentum of the spacetime with
internal angular momentum J , and the braneworld pa-
rameter b, called “tidal charge”, represents imprint of
the non-local (tidal) gravitational effects of the bulk
space [11].
The form of the metric (1) is the same as that of
the standard Kerr–Newman solution of the 4D Einstein–
Maxwell equations, with squared electric chargeQ2 being
replaced by the tidal charge b [12]. We can separate three
cases:
a) b = 0 in which we are dealing with the standard
Kerr metric.
b) b > 0 in which we are dealing with the standard
Kerr–Newman metric.
c) b < 0 in which we are dealing with the non-
standard Kerr–Newman metric.
Notice that in the braneworld Kerr–Newman spacetimes
the geodesic structure is relevant also for the motion
of electrically charged particles, as there is no electric
charge related to these spacetimes. On the other hand,
the case (b) can be equally considered for the analysis of
the uncharged particle motion in the standard electrically
charged Kerr–Newman spacetime.
For simplicity we put in the following considerations
M = 1. Then the spacetime parameters a and b, and
the time t and radial r coordinates become dimensionless.
This is equivalent to the redefinition when we express
all the quantities in units of M : a/M → a, b/M2 → b,
t/M → t and r/M → r.
Separation between the black hole and naked singular-
ity spacetimes is given by the relation of the spin and
tidal charge parameters in the form
a2 + b = 1 (4)
determining the so called extreme black hole with coin-
ciding horizons. The condition 0 < a2 + b < 1 governs
black hole spacetimes with two distinct event horizons,
while the condition a2 + b < 0 governs black hole space-
times with only one distinct event horizon at r > 0. For
a2 + b > 1, the spacetime describes a naked singularity.
For positive tidal charges the black hole spin has to
be a2 < 1, as in the standard Kerr–Newman spacetimes,
but for negative tidal charges there can exist black holes
violating the well know Kerr limit, having a2 > 1 [28].
Using substitutions
dt = dx0 +
(
r2 + a2
∆
− 1
)
dr , (5)
dϕ = dϕ˜+
a
∆
dr , (6)
x = (r cos(ϕ˜) + a sin(ϕ˜)) sin θ , (7)
y = (r sin(ϕ˜)− a cos(ϕ˜)) sin θ , (8)
z = r cos θ , (9)
3the braneworld Kerr–Newman geometry can be trans-
formed into the so called Kerr-Schild form using
the Cartesian coordinates:
ds2 = −(dx0)2+(dx)2+(dy)2+(dz)2+(2Mr − b)r
2
r4 + a2z2
{
dx0 − 1
r2 + a2
[
r(xdx + ydy) + a(xdy − ydx)− 1
r
zdz
]}2
, (10)
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FIG. 1. Example of the behaviour of Kretschmann’s scalar
K for a = 0.8 and b = −0.8 to illustrate it’s similarity to
Kerr–Newman case.
where r is defined, implicitly, by
r4 − r2(x2 + y2 + z2 − a2)− a2z2 = 0 .
A. Singularity
The metric (10) is analytical everywhere except at
points satisfying the condition
x2 + y2 + z2 = a2 and z = 0 . (11)
This condition is the same as in the case of the Kerr black
holes or naked singularities, so we clearly see that the
braneworld parameter b has no influence on the position
of the physical singularity of the space-time. The physical
“ring” singularity of the braneworld rotating black holes
(and naked singularities) is located at r = 0 and θ = pi/2,
as in the Kerr spacetimes.
We describe the influence of the braneworld tidal
charge parameter b on the Kerr-like ring singularity at
r = 0 , θ = pi/2 using the Kretschmann scalar K =
RαβγδR
αβγδ representing an appropriate tool to probe
the structure of spacetimes singularities. Using (1) we
obtain
K =
8
(r2 + a2y2)6
(
r4A− 2a2r2By2 + a4Cy4 − 6a6M2y6) , (12)
where
y = cos θ , (13)
A = (7b2 − 12bMr+ 6M2r2) , (14)
B = (17b2 − 60bMr + 45M2r2) , (15)
C = (7b2 − 60bMr+ 90M2r2) . (16)
The Kretschmann scalar is formally the same as in
the case of the Kerr–Newman metric with Q2 → b [38].
Naturally, the negative values of brane parameter would
have some effect onto K, but as we can see from de-
nominator of (12), it does not influence the location of
the singularity. As an example we demonstrate behaviour
of the scalar K for a = 0.8 and b = −0.8 near the ring
singularity in the Figure (1).
For completeness we give also the Ricci tensor whose
4components take the form:
Rtt = 4b
a2 + 2∆− a2 cos(2θ)
(a2 + 2r2 + a2 cos(2θ))
3 , (17)
Rtϕ = −8ab (a
2 +∆) sin2 θ
(a2 + 2r2 + a2 cos(2θ))3
, (18)
Rϕt = Rtϕ , Rrr = −Rθθ
∆
, (19)
Rθθ =
2b
a2 + 2r2 + a2 cos(2θ)
, (20)
Rϕϕ = 4b sin
2(θ)
3a4 + 2r4 + a2
(
b− 2Mr + 5r2)
(a2 + 2r2 + a2 cos(2θ))
3 (21)
− a
2∆cos(2θ)
(a2 + 2r2 + a2 cos(2θ))
3 . (22)
Ricci scalar is zero automatically by construction of
the braneworld Kerr–Newman solution [10].
B. Ergosphere
Here we demonstrate influence of the braneworld tidal
charge parameter b on the ergosphere whose boundary is
defined by the condition:
gtt = r
2 − 2Mr + a2cos2θ + b = 0 . (23)
Extension of the ergosphere in the latitudinal coordinate
θ is determined by the maximal latitude given by the re-
lation
cos2 θmax =
1− b
a2
. (24)
We can see that existence of the ergosphere is limited by
the condition
b < 1. (25)
We can infer that the ergosphere extension increases as
the tidal charge parameter b decreases.
It is convenient to represent location of the ergosphere
in the Kerr-Schild coordinates (10). Using the spacetime
symmetry we can focus only on the polar slices with y =
0. In this case the condition for the static limit surface
governing the border of the ergosphere is simply given by
[39]
x2 =
(
a2 + r2
)
∆
a2
,
z2 =
(2r − b)r2 − r4
a2
. (26)
In Figure (2) we illustrate influence of the braneworld
tidal charge b on the ergosphere extension.
The ergosphere does not always completely surrounds
the ring singularity. To illustrate this phenomenon, we
give also dependence of the maximal allowed latitudinal
angle of the ergosphere on the dimensionless spin and
dimensionless tidal charge.
For b < 1, the ergosphere exists for each dimensionless
spin a > 0, covering all values of the latitudinal angle for
the Kerr–Newman black holes. However, as the spin a in-
creases for the Kerr–Newman naked singularities, the er-
gosphere extension shrinks – the maximal angle α de-
creases.
C. Causality violation region
In the “causality violation region” (sometimes called
time-machine region) the axial coordinate ϕ takes time-
like character implying possible existence of closed time-
like curves. The causality violation region is defined by
the condition
gϕϕ < 0. (27)
In the equatorial plane the boundary of the causality vi-
olation region is determined by the condition
r4 + a2(r2 + 2r − b) = 0 . (28)
The boundary of the causality violation region can be
expressed by the relation
b = bCV ≡
r
(
2a2 + a2r + r3
)
a2
. (29)
At Figure (3) we give some examples of the extension of
the causality violation region. We see that for this region
to exist above the ring singularity, the tidal charge has
to be positive. With increasing values of the parameters
b > 0 and a, the causality violation region expands.
The equation (28) gives us maximal possible extension
of causal violation region located at
rMax =
√
1 + b− 1 . (30)
For positive b the value of rMax is less than b and there-
fore, as we shall see later, the causality violation region
cannot reach the region where the circular geodesics ex-
ist.
In the Kerr–Schild coordinates the boundary of
the causality violation region is given by the relations
x2 =
(
a2 + r2
)3
a2∆
, (31)
z2 =
r2(a2(b− 2r − r2)− r4)
a2∆
(32)
It can be proved that the causality violation region never
overlaps with ergosphere and its extension is influenced
by the braneworld parameter b in an opposite way. While
causality violation region increases with increasing b,
the ergosphere extension is getting smaller. This phe-
nomenon is illustrated in Figure (2) where the Kerr–
Schild coordinates are used.
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FIG. 2. Upper Left:Polar slice through the braneworld Kerr–Newman spacetime in the Cartesian KerrSchild coordinates.
Dimensionless spin parameter a is fixed to value 1 and the braneworld parameter b is appropriately chosen to demonstrate
its influence on the ergosphere. Upper Right: Polar slice through the braneworld Kerr–Newman spacetime in the Cartesian
KerrSchild coordinates. The braneworld parameter b is fixed to value 0.9 and the spin parameter a is appropriately chosen to
demonstrate its influence on the ergosphere. Lower Left: Causality violation region. Lower Right: Ergosphere and causality
violation region.
In the following, we consider geodesic motion only in
the regions above the causality violation region. For as-
trophysical phenomena occuring in the naked singularity
spacetimes, it is usually assumed that above the bound-
ary of the causality violation region the Kerr or Kerr–
Newman spacetime is removed and substituted by differ-
ent solution that could be inspired by the String theory –
such objects are called superspinars [40–42]. Therefore, it
is quite natural to assume that in the braneworld model
framework, the inner boundary of the superspinars is lo-
cated at radii larger than those related to the boundary
of the causality violation region.
D. Locally non-rotating frames
In the rotating Kerr–Newman spacetimes physical pro-
cesses can be most conveniently expressed in the family
of locally non-rotating frames (LNRF), corresponding to
zero angular momentum observers (ZAMO), with tetrad
vectors given by the relations [43]
e
(t) =
(
ω2gϕϕ − gtt
) 1
2
dt , (33)
e
(ϕ) = (gϕϕ)
1
2 (dϕ− ωdt) , (34)
e
(r) =
(
Σ
∆
) 1
2
dr , (35)
e
(θ) = Σ
1
2dθ , (36)
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FIG. 3. Contour plot for radii of boundary of the causality
violation region in the equatorial plane.
where ω is the angular velocity of the LNRF relative to
distant observers and reads
ω = − gtϕ
gϕϕ
=
a(2r − b)
Σ(r2 + a2) + (2r − b) a2 sin2θ . (37)
Convenience of the LNRF can be demonstrated, e.g., in
the case of the free fall of particles from infinity, which is
purely radial only if related to the family of LNRFs [44].
E. Geodesic motion and Carter’s equations
Using the Hamilton-Jacobi method, Carter found sep-
arated first order differential equations of the geodesic
motion [39, 45], which in the case of the braneworld Kerr
spacetimes take the form
Σ
dr
dw
= ±
√
R(r), (38)
Σ
dθ
dw
= ±
√
W (θ), (39)
Σ
dϕ
dw
= − PW
sin2 θ
+
aPR
∆
, (40)
Σ
dt
dw
= −aPW + (r
2 + a2)PR
∆
, (41)
where
R(r) = P 2R −∆(m2r2 + K˜), (42)
W (θ) = (K˜ − a2m2 cos2 θ)−
(
Pw
sin θ
)2
, (43)
PR(r) = E˜(r
2 + a2)− aΦ˜, (44)
PW (θ) = aE˜ sin
2 θ − Φ˜. (45)
Along with the conservative rest energy m, three con-
stants of motion related to the spacetime symmetries has
been introduced: E˜ is the energy (related to the time
Killing vector field), Φ˜ is the axial angular momentum
(related to the axial Killing vector field) and K˜ is the con-
stant of motion related to total angular momentum (re-
lated to the Killing tensor field) that is usually replaced
by the constant Q˜ = K˜− (aE˜− Φ˜)2, since for the motion
in the equatorial plane (θ = pi/2) there is Q˜ = 0.
Note that the separable Eqs (38)-(41) are quaranteed
in the Petrov type D spacetimes, in particular when the
metric in the Boyer-Lindquist coordinates can be ex-
pressed in the Kerr-like form by replacing the mass pa-
rameter M by a function M(r) independent of latitude
θ. In the braneworld rotating black hole spacetimes there
is M(r) = M − b2r . Generally, these equations can be
integrated and expressed in terms of the hyper-elliptic
integrals [12, 46, 47]. The Carter equations can be also
generalized to the motion in the Kerr–Newman-de Sitter
spacetimes [39, 46, 48–50].
For the geodesic motion of photons, we put m = 0
in the Carter equations. Analysis of the photon motion
in the standard Kerr–Newman spacetimes [17, 51, 52]
can be directly applied to the case of photon motion in
the braneworld Kerr–Newman spacetimes. It is has been
done in [19, 53]; we use results of these works in the
following discussions.
We have to construct classification of the braneworld
Kerr–Newman spacetimes according to the properties of
circular geodesics governing the Keplerian accretion that
can be related not only to the standard accretion discs,
but also to the quasicircular motion of gravitationally ra-
diating particles. We give classification according to prop-
erties of the circular null geodesics and stability of the cir-
cular geodesics that is the critical attribute of the Kep-
lerian accretion. Finally, we combine the effects given by
these two classifications. Of course, we have to include
into the classification as relevant criteria also existence
of the event horizons and existence of the ergosphere.
III. CIRCULAR GEODESIC MOTION
In general stationary and axially symmetric spacetime
with the Boyer-Lindquist coordinate system (t, r, θ, ϕ)
and (− + ++) signature of the metric tensor, the line
element is given by
ds2 = gttdt
2+2gtϕdtdϕ+grrdr
2+gθθdθ
2+gϕϕdϕ
2 . (46)
The metric (46) is adapted to the symmetries of
the spacetime, endowed with the Killing vectors (∂/∂t)
and (∂/∂ϕ) for time translations and spatial rotations,
respectively. For geodesic motion in the equatorial plane
(θ = pi/2), the metric functions gtt, gtϕ, grr, gθθ and gϕϕ
in Eq. (46) depend only on the radial coordinate r. So
except the rest energy m, two integrals of the motion are
7relevant as Q˜ = 0:
Ut = −E , Uϕ = L , (47)
where the 4-velocity Uα = gανdx
ν/dτ , with τ being
the affine parameter. In the case of asymptotically flat
spacetime, we can identify at infinity the motion constant
E = E˜/m as the specific energy, i.e., energy related to
the rest energy, and the motion constant L = Φ˜/m as
the specific angular momentum.
The geodesic equations of the equatorial motion take
the form (see, e.g., [54])
dt
dτ
=
Egϕϕ + Lgtϕ
g2tϕ − gttgϕϕ
,
dϕ
dτ
= − Egtϕ + Lgtt
g2tϕ − gttgϕϕ
, (48)
and
grr
(
dr
dτ
)2
= R(r), (49)
where the radial function R(r) is defined by
R(r) ≡ −1 + E
2gϕϕ + 2ELgtϕ + L
2gtt
g2tϕ − gttgϕϕ
. (50)
A. Energy, angular momentum and angular
velocity of circular geodesics
For circular geodesics in the equatorial plane, the con-
ditions
R(r) = 0 and ∂rR(r) = 0 (51)
must be satisfied simultaneously. These conditions deter-
mine the specific energy E, the specific angular momen-
tum L and the angular velocity Ω = dϕ/dt related to
distant observers, for test particles following the circular
geodesics, as functions of the radius and the spacetime
parameters in the form
E = ± gtt + gtϕΩ√− (gtt + 2gtϕΩ + gϕϕΩ2) , (52)
L = ∓ gtϕ + gϕϕΩ√− (gtt + 2gtϕΩ + gϕϕΩ2) , (53)
Ω =
−gtϕ,r ±
√
(gtϕ,r)2 − gtt,rgϕϕ,r
gϕϕ,r
, (54)
where the upper and lower signs refer to two families
of solutions. To avoid any misunderstanding, we will re-
fer to these two families as the upper sign family, and
the lower sign family. At large distances in the asymp-
totically flat spacetimes, the upper family orbits are coro-
tating, while the lower family orbits are counterrotating
with respect to rotation of the spacetime. This separa-
tion holds in the whole region above the event horizon
of the Kerr–Newman black hole spacetimes, but it is not
necessarily so in all the Kerr–Newman naked singular-
ity spacetimes – in some of them the upper family orbits
become counterrotating close to the naked singularity as
demonstrated in [35].
Using the spacetime line element of the braneworld ro-
tating spacetimes given by (1) [11, 55], with the assump-
tion ofM = 1, we obtain the radial profiles of the specific
energy, specific axial angular momentum and the angu-
lar velocity related to infinity of the circular geodesics in
the form:
E =
r2 − 2r + b± a√r − b
r
√
r2 − 3r + 2b± 2a√r − b
, (55)
L = ±
√
r − b (r2 + a2 ∓ 2a√r − b)∓ ab
r
√
r2 − 3r + 2b± 2a√r − b
, (56)
Ω = ± 1
r2√
r−b ± a
. (57)
From equations (55)–(57) we immediately see that two
restrictions on the existence of circular geodesics have to
be satisfied:
r2 − 3r + 2b± 2a
√
r − b ≥ 0 , (58)
r ≥ b . (59)
The equality in the first condition determines the photon
circular geodesics – this demonstrates that positions of
circular orbits of test particles are limited by the circular
geodesics of massless particles. The second, reality con-
dition is relevant in the Kerr–Newman spacetimes with
positive tidal charge b only, if we restrict attention to
the region of positive radii.
B. Effective potential
Instead of the radial function R(r, a, b, E, L), the equa-
torial motion of test particles can be conveniently treated
by using the so called effective potential VEff(r, a, b, L)
that is related to the particle specific energy and depends
on the specific angular momentum of the motion and
the spacetime parameters. The equation E = VEff deter-
mines the turning points of the radial motion of the test
particle.
The notion of the effective potential is useful in treat-
ing the Keplerian (quasigeodesic) accretion onto the cen-
tral object that is directly related to the circular geodesic
motion [56, 57]. The circular geodesics are governed by
the local extrema of the effective potential; the accre-
tion process is possible in the regions of stable circular
geodesics corresponding to the local minima of the effec-
tive potential.
The effective potential can be easily derived using
the normalization condition for the test particle motion
UαU
α = −1 (60)
8that implies for the equatorial motion relation
grr
(
dr
dτ
)2
= (E − VEff+)(E − VEff−), (61)
and in the general stationary and axisymmetric space-
times the effective potential can be expressed in the form
VEff±(r, a, b, L) =
β ±
√
β2 − αγ
α
, (62)
where
α =
gϕϕ
g2ϕt − gϕϕgtt
, β =
−Lgtϕ
g2ϕt − gϕϕgtt
, (63)
γ =
L2gtt
g2ϕt − gϕϕgtt
− 1 . (64)
This form can be simplified into
VEff± =
−Lgtϕ ±
√
(L2 + gϕϕ)
(
g2tϕ − gϕϕgtt
)
gϕϕ
. (65)
We have to choose the upper (plus) sign of the general
expression of the effective potential, as this case repre-
sents the boundary of the motion of particles in the so
called positive root states having positive locally mea-
sured energy and future-oriented time component of 4-
velocity. The lower (minus) sign expression of the effec-
tive potential is irrelevant here, as it determines in the re-
gions of interest particles in the so called negative-root
states having negative locally measured energy and past-
oriented time component of the 4-velocity, being thus re-
lated to the Dirac particles – for details see [12, 58].
The physically relevant condition of the test particle
motion reads
E ≥ VEff+ . (66)
For particles with the non-zero rest mass, m > 0, the ex-
plicit form of the effective potential in the braneworld
Kerr–Newman spacetimes reads
VEff(r, a, b, L) =
aL(2r − b) + r√∆
√
L2r2 + r4 + a2(r2 + 2r − b)
r4 + a2(r2 + 2r − b) . (67)
For massless particles, m = 0, we formally obtain
VEffp(r, a, b)
L
=
a(2r − b)± r2√∆
r4 + a2(r2 + 2r − b) . (68)
Here the + sign is valid if L > 0 and the − sign is valid
if L < 0. Of course, we know that the photon geodesic
motion is independent of the photon energy, being depen-
dent of the impact parameter l = L/E for the equatorial
motion [41, 59].
The effective potential is symmetric under transfor-
mation a → −a, L → −L, therefore, we will only
study the Kerr–Newman braneworld spacetimes with
non-negative values of the spin parameter a.
The effective potential has a discontinuity (divergence)
at radii determined by the conditions:
g2ϕt − gϕϕgtt = 0 , (69)
r4 + a2(r2 + 2r − b) = 0 . (70)
At the equatorial plane, the quantity g2ϕt − gϕϕgtt ≡ ∆,
and the condition (69) implies that the effective potential
diverges at the event horizons. The second condition (70)
for possible divergence of the effective potential can be
transformed to the relation
b = bs ≡
r
(
2a2 + a2r + r3
)
a2
. (71)
Notice that the functions bs(r, a) and bCV(r, a) are
equivalent – therefore, the divergence could occur just
at the boundary of the causality violation region. In
the limit of b→ bS , the numerator of (67) reads
− r
a
(L− |L|) (a2 + r3) . (72)
Thus if L ≥ 0, both numerator and denominator of (67)
are zero and we have to use the L’Hopital rule to obtain
limb→bSVEff =
{
r4+a4+2a2(L2+r2)+L2r2
2aL(a2+r2) L ≥ 0
∞ L < 0 , (73)
Therefore, for the specific angular momentum L < 0
the effective potential approaches at the discontinuity
the positive infinity, creating thus for the test particles
with L < 0 an impenetrable barrier. On the other hand,
for particles with L ≥ 0, the effective potential takes at
the boundary of the causality violation region a finite
value that depends on the specific angular momentum.
The last square root in equation (67) is negative for
b >
r
(
2a2 + a2r + L2r + r3
)
a2
, (74)
therefore the effective potential can be undefined for
small values of r. However, this could happen only in
the causality violation region where the effective poten-
tial looses its relevance because of the modified meaning
of the axial coordinate that has time-like character in this
region.
9C. Energy measured in LNRF
It is useful to determine for particles on the circular
geodesics the locally measured energy, related to some
properly defined family of observers. The specific energy
related to the LNRF (ELNRF) is given by the projection
of the 4-velocity on the time-like vector of the frame:
ELNRF = U
(t) = Uµe(t)µ =
(
dt
dτ
)
e
(t)
t (75)
=
r2 ± a√r − b√
r4 + a2 (r2 + 2r − b)
√
∆√
r2 − 3r + 2b± 2a√r − b
.
The locally measured particle energy must be always pos-
itive for the particles in the positive-root states assumed
here – while it is negative for the negative-root states
that are physically irrelevant in the context of our study
[58].
The LNRF energy of particle following the circular
geodesics diverges on the photon circular orbit as well
as the covariant energy E. It also diverges for circular
orbits approaching the boundary of the causality viola-
tion region given by equation (70).
D. Future-oriented particle motion
For the positive-root states the time evolution vector
has to be oriented to future, i.e., dt/dτ > 0. On the other
hand, the negative-root states have past oriented time
vectors, dt/dτ < 0, being thus physically irrelevant for
our study. To be sure that we are using the solutions
related to the proper effective potential Veff with the cor-
rect upper sign, we have to check that the considered
geodesics have proper orientation dt/dτ > 0.
Using the metric (1) and relations for the specific en-
ergy (55) and specific angular momentum (56) in equa-
tion (48), we obtain the time component of the 4-velocity
for both the upper and lower family circular geodesics in
the form
dt
dτ
=
r2 ± a√r − b
r
√
r2 − 3Mr + 2b± 2a√Mr − b
. (76)
We see from this equation that the time component is
always positive for both the orbits of the upper and lower
family, so we always have the positive-root states and no
mixing with the negative-roots states occurs.
IV. CIRCULAR GEODESICS OF PHOTONS
We first study motion of photons, as the photon circu-
lar orbits represent a natural boundary for existence of
r
b
(−∞; 0) (0; 3
4
) (
3
4
; 1
)
1
(
1; 9
8
) (
9
8
;∞) aph(r, b)
1 max max min − − − √1− b
r1 , r2 min min min min min − 0
4
3
b − min max max max min
√
b
3
√
3
(8b− 9)
aphMin −b ∞ ∞ 0 ∞ ∞ −
TABLE I. All kinds of extrema of function aph(r, b). We show
the (+) sign part only because of the symmetry correspond-
ing to interchangeability between signs (±) and nature of lo-
cal minima (max/min). Function aphMin is value of function
aph(r, b) at lowest possible r, which is r = 0 for non-positive
values of b and r = b otherwise.
the circular geodesic motion [52, 59].
The general photon motion in the braneworld Kerr–
Newman black hole spacetimes was studied in [19]. Here
we concentrate on the equatorial photon motion and es-
pecially on the existence of the photon circular orbits. In
case of the equatorial photon orbits, the radial function
R(r) is determined by the equation (50) with removed
term −1 (as the rest energy m = 0) that can be trans-
formed into the form [19]:
R
E2
=
[
r2 − a(λ− a)]2 −∆(λ − a)2
r2∆
, (77)
where the impact parameter λ is defined by the relation
λ =
L
E
. (78)
Notice that photon orbits depend only on the impact
parameter λ.
Applying conditions for the circular motion (51), we
find that the equatorial photon circular orbits are given
by the equations[
r2 − a(λ− a)]2 −∆(λ− a)2 = 0 , (79)
2r(r2 + a2 − aλ)− (r − 1)(λ− a)2 = 0 . (80)
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FIG. 4. Braneworld Kerr–Newman black holes and naked
singularities can be divided into ten distinguish classes ac-
cording to the properties of circular photon geodesics. Curve
aph(4b/3, b) (full line), given by (88), plays the main role in
the classification. The corresponding regions of b–a plane are
denoted by I–X; the numbers in brakets denote the num-
ber of the circular photon orbits in the respective class. The
first number determines number of the stable circular pho-
ton geodesics, the second number determines number of the
unstable circular photon geodesics.
These two conditions imply that the radii of circular pho-
ton orbits are determined by equation
r2 − 3r + 2a2 + 2b± 2a
√
∆ = 0 , (81)
and the impact parameter λ is given by the equation
λ = −ar
2 + 3r − 2b
r2 − 3r + 2b . (82)
Furthermore, the equation (81) can by transformed into
the form
r2 − 3r + 2b± 2a
√
r − b = 0 (83)
that implies the same reality condition on the radius of
the photon orbit rph as the one that follows from equa-
tions (55)-(57):
rph ≥ b . (84)
Due to the reality condition the numerator in equation
(82) is positive, while the (±) sign of the denominator is
determined by the sign in equation (83). Thus we obtain
corotating orbits (λ > 0) for the upper sign in (83) and
counterrotating orbits (λ < 0) in the other case.
The solution of the equation (83) can be expressed in
the form
a = aph(r, b) ≡ ±
(
3r − r2 − 2b)
2
√
r − b . (85)
For given a and b the points of a line a = const crossing
the function aph(r, b) determine radius rph of the photon
circular orbits. We restrict our discussion to the solutions
corresponding to a > 0, giving both corotating and coun-
terrotating orbits. The zeros of the function aph(r, b) are
located at
rph± =
1
2
(
3±
√
9− 8b
)
. (86)
Note that these solutions represent radii of photon circu-
lar orbits in the Reissner–Nordstro¨m spacetimes [15, 16].
Since
∂aph
∂r
= ± (r − 1)(3r − 4b)
4 (r − b)3/2
, (87)
the extrema of the curves aph(r, b) are located at r = 1
and at r = 4b/3 . The value of the function aph(r, b) at
the point r = 1 reads (recall that we consider the positive
values of spin)
aph−ex(r = 1, b) =
√
1− b , (88)
corresponding to the extreme Kerr–Newman black holes,
while at r = 4b/3 it reads
aph−ex(r = 4b/3, b) = ±
√
b
3
√
3
(8b− 9) . (89)
The position, value and kind of the extrema of the func-
tion aph(r, b) are listed in Table (I). The results are sum-
marized in Figure (4). We see that all curves drawn there
– the curve aph−ex(r = 4b/3, b), the line a2+b = 1 (corre-
sponding to the extremal black holes), the line a2+b = 0,
and the line b = 1 (separating the braneworld Kerr–
Newman naked singularities with the ergosphere from
those without it) – divide the b – a plane into ten regions.
In this sense, the braneworld Kerr–Newman spacetimes
can be divided into ten different classes, characterized by:
1. existence of the horizon
2. existence of the ergosphere
3. the number of stable and unstable circular photon
orbits.
The situation is summarized in Table (II) and is also visu-
alized in Figure (4), in accord with the analysis of circular
photon orbits in the standard Kerr–Newman spacetimes
[52]. In the case of the braneworld Kerr–Newman black
holes new regions VIII,IX and X corresponding to nega-
tive values of the tidal charge, (b < 0), occur in addition
to the standard Kerr–Newman spacetimes.
V. STABLE CIRCULAR GEODESICS
It is well known that character of the test particle
(geodesic) circular motion governs structure of the Keple-
rian (geometrically thin) accretion disks orbiting a black
hole [56, 57] or a naked singularity (superspinar) [36, 37];
11
Class Horiz. Ergo. Orbits Class Horiz. Ergo. Orbits
I yes yes 0,2 VI no yes 2,2
II yes yes 1,3 VII no no 2,2
III no yes 1,1 VIII yes yes 0,2
IV no no 1,1 IX yes yes 0,3
V no no 0,0 X no yes 0,1
TABLE II. Ten possible divisions of braneworld Kerr–
Newman spacetimes with respect to existence of the horizon,
existence of the ergosphere and the number of stable and un-
stable circular photon orbits. The first number in the column
orbits corresponds to amount of stable circular photon orbits,
the second corresponds to amount of unstable circular photon
orbits.
similarly, it can govern also motion of a satellite orbit-
ing the black hole or the naked singularity (superspinar)
along a quasicircular orbit slowly descending due to grav-
itational radiation of the orbiting satelite [60]. The Keple-
rian accretion, starting at large distances from the attrac-
tor, is possible in the regions of the black hole or naked
singularity spacetimes where local minima of the effec-
tive potential exist and the energy corresponding to these
minima decreases with decreasing angular momentum
[12]. In other words, in terms of the radial profiles of
the quantities characterizing circular geodesics, the Ke-
plerian accretion is possible where both specific angular
momentum and the specific energy of circular geodesics
decrease with decreasing radius. In the standard model
of the black hole accretion disks, the inner edge of the ac-
cretion disk is located in the so called marginally stable
circular geodesic where the effective potential has an in-
flexion point [56], but the situation can be more complex
in the naked singularity spacetimes [15, 61].
We study stability of the circular geodesic motion
of test particles relative to the radial perturbations in
the braneworld Kerr–Newman spacetimes. Note that
the equatorial circular motion is then always stable rel-
ative to the latitudinal perturbations perpendicular to
the equatorial plane [62]. We show that the most inter-
esting and, in fact, unexpected result occurs for test par-
ticles orbiting the special class of the braneworld mining-
unstable Kerr–Newman naked singularities demonstrat-
ing an infinitely deep gravitational well enabling (for-
mally) unlimited energy mining from the naked singular-
ity spacetime. Of course, such a mining must be limited
by violation of the assumption of the test particle motion.
A. Marginally stable circular geodesics
The loci of the stable circular orbits are given by
the condition related to the radial motion R(r) function
∂2R(r, a, b, E, L)
∂r2
≤ 0 , (90)
or the relation
∂2VEff(r, a, b, L)
∂r2
≤ 0 , (91)
related to the effective potential VEff(r), where the case
of equality corresponds to the marginally stable circular
orbits at rms with L = Lms, corresponding to the in-
flexion point of the effective potential – for lower values
of the specific angular momentum L the particle cannot
follow a circular orbit. Such marginally stable circular
orbit represents the innermost stable circular orbit and
the inner edge of the Keplerian disks in the Kerr black
hole and naked singularity spacetimes.
Using the relations (55) and (56), we obtain for
the braneworld Kerr–Newman spacetimes [28][63]
r(6r − r2 − 9b+ 3a2) + 4b(b− a2)∓ 8a(r − b)3/2 = 0 . (92)
In the previous studies, only the braneworld black hole
spacetimes were usually considered [27, 28]. Standard
Kerr–Newman naked singularity spacetimes were dis-
cussed in [17, 58]. Here we consider whole family of
the braneworld Kerr–Newman spacetimes, with both
positive and negative tidal charges. The solution of equa-
tion (92) can be express in the form
ams = ∓4 (r − b)
3/2 ±
√
3br2 − (2 + 4b)r3 + 3r4
4b− 3r , (93)
where the∓ signs correspond to the upper and lower fam-
ily of the circular geodetics. The ± signs correspond to
the two possible solutions of Eq. (92). The local extrema
of the function ams(r, b) are given by the relation
ams(extr) ≡ ∓
(
2
√
b±
√
b (4b− 1)
)
. (94)
Thus it can be shown that there is no solution for equa-
tion (92) related to the lower family of circular geodesics
when
b >
5
4
∧ a < −2
√
b+
√
b (4b− 1) (95)
and there is no solution for the upper sign family of cir-
cular geodesics when 1 > b > 1/4 and
2
√
b−
√
b (4b− 1) < a < 2
√
b+
√
b (4b− 1) . (96)
12
-1.0
0.0
1.0
2.0
3.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0
b
a
bbbbbbbb
black holes
ms. is not defined for upper family 
ms. is not defined 
b
FIG. 5. Mapping of existence of the marginally stable circu-
lar geodesics in the parameter space of the braneworld Kerr–
Newman spacetimes.
The existence of the marginally stable circular geodesics
in dependence on the dimensionless parameters of
the braneworld Kerr–Newman spacetimes is represented
in Figure (5). This figure will be crucial for construction
of the classification of the Kerr–Newman spacetimes ac-
cording to the Keplerian accretion, but it is not sufficient,
as the classification of the photon circular geodesics plays
a crucial role too.
The function ams(r, b) determines in a given Kerr–
Newman spacetime location of the marginally stable cir-
cular geodesics that are usually considered as the bound-
ary of Keplerian accretion discs determined by the quasi-
geodesic motion.
B. Innermost stable circular geodesics
The standard treatment when the inner edge of the Ke-
plerian accretion discs is located at the marginally stable
orbits defined by the inflexion point of the effective po-
tential (this point is also the innermost stable circular or-
bit (ISCO) [56]) works perfectly in the braneworld Kerr–
Newman black hole spacetimes, but the situation is more
complex in the braneworld naked singularity spacetimes,
as the innermost stable circular orbits (ISCO) do not al-
ways correspond to the marginally stable orbit defined
by equation (92)[64]. The ISCOs that are not coincid-
ing with a marginally stable circular geodesic, related to
an inflexion point of the effective potential, correspond to
the orbits with lowest radius in sequence of stable circular
geodesics. Contrary to the case of the marginally stable
circular orbits from which the particles can move inwards,
in the case of ISCO representing the inner limit of sta-
ble circular geodesics the particle remains captured at
this orbit or in its vicinity. Such ISCO orbits were found
for the first time in the Reissner-Nordstrom(-de Sitter)
naked singularity spacetimes when they correspond to
orbits with vanishing angular momentum (particles at
static positions) [15, 16]. Here we demonstrate existence
of a new class of this kind of ISCO representing the limit
of stable circular geodesics located at the stable photon
circular geodesic. In order to alow for the standard ac-
cretion with decreasing E and L with decreasing radius
of the stable orbits, we have consider the stable circular
geodesics with E → −∞ and L→ −∞.
The ISCO can be formally determined, if we con-
sider the function of the radius of the circular geodesic
rc(Lc; a, b), given implicitly by Eq.(56), or rc(Ec; a, b),
given implicitly by Eq.(55). Then the rISCO can be de-
fined in a given spacetime, with fixed parameters a, b, by
the relations drc/dLc = 0, drc/dEc = 0 that can be ex-
pressed as dLc/drc → −∞ and dEc/drc → −∞, related
to the standard accretion with decreasing energy and an-
gular momentum of accreting matter. Note that the con-
ditions dLc/drc → ∞ and dEc/drc → ∞ can determine
the outermost stable circular geodesics from which the
accretion could start, but such a situation is not related
to plausible astrophysical situation as discussed in detail
in [61].
There are two relevant cases when the conditions
dLc/drc → ±∞ and dEc/drc → ±∞ can be satisfied:
a) 0 = r2 − 3r + 2b± 2a
√
r − b , (97)
b) r = b . (98)
The case a) tells us that the innermost circular geodesics
corresponds to the photon circular geodesics that can be
also stable with respect to radial perturbations so that
this condition is also applicable as a limit on the stable
circular orbits of test particles, as demonstrated in [15].
Then the specific energy and the specific angular momen-
tum tend asymptotically to E → ±∞ and L→ ±∞ but
the impact parameter λ = L/E remains finite. The con-
dition r > b could restrict the condition implied by
the photon circular geodesics. Here we consider the case
of dLc/drc → −∞ and dEc/drc → −∞.
The case b) can be relevant for the braneworld space-
times with positive braneworld parameter b, as demon-
strated in [15] where the effective potential VEff(r, b, L)
for the Reissner–Nordstro¨m naked singularity spacetimes
clearly demonstrates that the inner edge of the Keple-
rian disc is located at r = b, having L = 0, while no
marginally stable circular orbit, corresponding to an in-
flexion point of the effective potential, exist. Note that
in some spacetimes the sequence of the stable circu-
lar geodesics can start at the outermost stable circular
geodesic with dLc/drc → +∞ and dEc/drc → +∞ cor-
responding to the stable circular geodesic.
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C. Effective potential dependence on specific
angular momentum and analytical proof that
Keplerian accretion with infinite efficiency can exist
in approximation of geodesic motion
The Keplerian accretion works if there exist a contin-
uous sequence of local minima of the effective potential
with decreasing values of angular momentum L. In terms
of the effective potential (67), the conditions for existence
of Keplerian accretion disks can be express in the form
∂VEff(r, a, b, L)
∂r
= 0 ,
∂2VEff(r, a, b, L)
∂r2
≤ 0 ,
∂VEff(r, a, b, L)
∂L
< 0 . (99)
Except the possibility to stop this procedure by the in-
flexion point of the effective potential, there exist other
possible way to stop validity of these conditions:
∂VEff(r, a, b, L)
∂L
= 0 (100)
that will be satisfied at a turning point where
L = LT ≡ ±a(2r − b)
r
√
r2 − 2r + b . (101)
At this turning point the minimum of effective potential,
given by ∂Veff(r, a, b, LT)/∂r = 0, is located where:
r − b
r2
√
r2 − 2r + b = 0 ⇒ r = b . (102)
In such situations, the inner edge of the Keplerian ac-
cretion disk is located at r = b. Putting this result into
the definition of the function LT, we find
LT(r = b) =
±ab
b
√
b(b− 1) ⇒ b > 1 . (103)
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We see that the effect of existence of the lowest possi-
ble value of angular momentum L associated with local
minima of effective potential occurs only for values of
the tidal charge b > 1 when equation (102) is well de-
fined at r > b.
The second possible way the conditions (99) are not
well matched is related to the situation when the local
minima of the effective potential turn into an inflexion
point at r defined by (92).
So the inflexion point of the effective potential is not al-
ways defined, if the tidal parameter b > 5/4 for the lower
family solution of equation (92). In this case the Keple-
rian accretion stops at the point r = b where the mini-
mum of the effective potential starts to increase in energy
level with decreasing L.
On the other hand, for the upper family solution of
equation (92) situation becomes extraordinary and much
more interesting for the tidal charge in the interval 1 >
b > 1/4, and appropriately tuned spin a; then the inflex-
ion point of the effective potential does not exist – for
this reason, the Keplerian accretion starting at large val-
ues of the angular momentum of accreting matter cannot
be stopped, and it continues with no limit to unlimitedly
large negative values of the angular momentum and un-
limitedly large negative values of the energy.
Therefore, in this case, unrestricted mining of the en-
ergy due to the Keplerian accretion could occur. Of
course, this mining has to be stopped at least when
the energy of the accreting matter starts to be compa-
rable to the mass parameter of the Kerr–Newman naked
singularity, and the approximation of the test particle
motion of matter in the disk is no longer valid.
VI. CLASSIFICATION OF BRANEWORLD
KERR–NEWMAN SPACETIMES ACCORDING
TO RADIAL PROFILES OF CIRCULAR
GEODESICS
In order to create classification of the braneworld Kerr–
Newman black hole and naked singularity spacetimes ac-
cording to possible regimes of the Keplerian accretion,
we consider existence of the event horizons, existence of
the ergosphere, and we use the characteristics of the cir-
cular geodesics: existence of the circular photon geodesics
and their stability, existence of the marginally stable
circular geodesics related to inflexion points of the ef-
fective potential, and relevance of the limiting radius
r = b. We use the classification of the braneworld Kerr–
Newman spacetimes introduced for the characterization
of the photon circular geodesics, and generate a subdi-
vision of the introduced classes according to the criteria
related to the marginally stable orbits.
The individual classes of the Kerr–Newman spacetimes
will be represented by typical radial profiles of the specific
angular momentum L, specific energy E, and the effec-
tive potential VEff that enable understanding of the Ke-
plerian accretion and calculation of its efficiency. We
first briefly summarize results of the two special cases
– Kerr and Reissner–Nordstro¨m spacetimes. In the fol-
lowing classification of the braneworld Kerr–Newman
spacetimes the characteristic types of the behaviour of
the circular geodesics in the special Kerr and Reissner–
Nordstro¨m spacetimes occur, but also some quite new
and extraordinary situations arise. The results of the cir-
cular geodesic analysis in the braneworld Kerr–Newman
spacetimes can be directly applied also for the circu-
lar geodesics in the standard Kerr–Newman spacetimes,
if we make transformation b → Q2 where Q2 repre-
sents the squared electric charge parameter of the Kerr–
Newman background.
A. Case b=0: Kerr black hole and naked
singularity spacetimes
The limiting case of the well known results of the test
particle circular orbits in the Kerr spacetimes that were
studied in detail in [35, 43] demonstrates clearly the ne-
cessity of very careful treating of the families of cir-
cular orbits in the naked singularity spacetimes where
the simple decomposition of the circular orbits to corotat-
ing and counterrotating (retrograde) is not always pos-
sible. Namely, in the spacetimes with 1 < a < ac = 1.3
the circular orbits that are corotating at large distances
from the ring singularity become retrograde near the ring
singularity, at the ergosphere; moreover, in the space-
times with 1 < a < a0 = 1.089 the covariant energy
of such orbits can be negative. The specific energy and
specific angular momentum of the circular geodesics of
the Kerr black hole and naked singularity spacetimes
are illustrated in Figure (8). Notice that the unstable
circular geodesics approach the radius r = 0 with un-
limitedly increasing covariant energy and axial angular
momentum, however, the photon circular geodesic can-
not exist at the ring singularity. The Kerr naked sin-
gularities are classically unstable as Keplerian accretion
from both the corotating and counterrotating disks in-
verts the naked singularity into an extreme Kerr black
hole – the transition is discontinuous (continuous) for
corotating (counterrotating) Keplerian disk [34–36, 65].
We shall see latter that the Keplerian accretion cannot
be generally treated simply in the Kerr–Newman naked
singularity spacetimes due to the complexities discussed
in detail in [61]. We expect addressing this issue in future
work.
B. Case a=0: Reissner–Nordstro¨m black hole and
naked singularity spacetimes
The other limiting case of the Reissner–Nordstro¨m
(RN) and Reissner–Nordtro¨m-(anti-)de Sitter black hole
and naked singularity spacetimes has been treated in
[15, 16]. It has been demonstrated that in the Reissner–
Nordstro¨m naked singularity spacetimes even two sepa-
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rated regions of circular geodesics could exist. The dou-
bled regions of the stable circular motion occur in the RN
naked singularity spacetimes with the charge parameter
1 < Q2 < 5/4, or even only stable circular geodesics
could exist, if the charge parameter Q2 > 5/4. In the RN
naked singularity spacetimes also doubled photon circu-
lar geodesics can occur, with the inner one being stable
relative to radial perturbations, if the charge parameter
is in the interval of 1 < Q2 < 9/8 [15, 17]. The same phe-
nomena occur in the naked singularity Kehagias–Sfetsos
spacetimes of the Horˇava quantum gravity [61, 66] or in
the no-horizon regular Bardeen or Ayon–Beato–Garcia
spacetimes [67, 68].
We shall see that in the braneworld Kerr–Newman
naked singularity spacetimes the special naked singular-
ity effects of the Kerr and Reissner–Nordstro¨m case are
mixed in an extraordinary way leading to existence of
an infinitely deep gravitational well implying the new ef-
fect we call mining instability.
C. Characteristic points of the Kerr–Newman
spacetime classification
The classification of the braneworld Kerr–Newman
spacetimes according to the character of the circu-
lar geodesics and related effective potential are deter-
mined by the functions governing the local extrema of
the functions giving the photon circular geodesics and
the marginally stable circular geodesics corresponding to
the inflexion points of the effective potential. In the space
of the spacetime parameters b− a then exist fourteen re-
gions corresponding to classes of the braneworld Kerr–
Newman spacetimes demonstrating different behaviour
of the circular geodesics and Keplerian accretion as
demonstrated in Figure (6) and in Figure (7) giving de-
tails of the regions of low values of the dimensionless
parameters a and b. These regions are governed by in-
tersection points of the curves (88) and (94) that give
thirteen characteristic points in the parameter space that
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FIG. 8. E and L for Kerr black hole and naked singularities.
are summarized in the following way: the pairs (a, b) are
ordered gradually from the top to the bottom and from
the left to the right,
(1)→ (0, 1.25) ,
(2)→ (0, 1.125) ,
(3)→
(
A− (12 +A−)
16
√
2
,
3
32
(12 +A−)
)
= (0.0831, 1.1748) ,
(4)→
(
1
3
√
3
, 1
)
= (0.19245, 1) ,
(5)→
(
2−
√
3, 1
)
= (0.268, 1) ,
(6)→
(
0.5,
3
4
)
,
(7)→
(√
0.5, 0.5
)
,
(8)→ (1, 0.25) ,
(9)→
(
2 +
√
3, 1
)
= (3.732, 1) ,
(10)→
(
A+ (12 +A+)
16
√
2
,
3
32
(12 +A+)
)
= (15.0992, 5.361) ,
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Class ISCO MSO(u) MSO(l) Hor./Erg. SP UP
I =MSO classic classic yes/yes 0 2
II =MSO classic classic yes/yes 1 3
IIIa =Photon − classic no/yes 1 1
IIIb =MSO classic classic no/yes 1 1
IVa at r=b − classic no/no 1 1
IVb at r=b classic classic no/no 1 1
Va at r=b − − no/no 0 0
Vb at r=b − classic no/no 0 0
Vc at r=b classic classic no/no 0 0
VI =MSO classic classic no/yes 2 2
VII at r=b classic classic no/no 2 2
VIII =MSO classic classic yes/yes 0 2
IX =MSO classic classic yes/yes 0 3
X =MSO classic classic no/yes 0 1
TABLE III. Classification of parameter space b − a with re-
spect to: ISCO - radius of innermost stable circular orbit;
MSO(u) - radius of Marginally Stable Orbit for upper sign
family; MSO(l) - radius of Marginally Stable Orbit for lower
sigh family; SP - number of stable photon circular orbit; UP
- number of unstable photon circular orbit. ISCO has only
two possible outcomes. It can be identical with MSO or lies
at r = b. Word “classic” in this context means that MSO is
defined by equation (92).
where
A± =
(
9 + 8
√
3±
√
3
(
83 + 48
√
3
))
(104)
The point (6) is the crossing point of the function of
the extrema of the photon circular orbit function aph−ex,
and the curve separating black hole and naked singular-
ity spacetimes, b = 1 − a2. The point (7) is the com-
mon point of the dotted curve, given by the function
ams(extr) and limiting the spacetimes allowing for exis-
tence of the marginally stable orbits, and the curve sep-
arating black holes from naked singularities (b = 1− a2).
These two curves are tangent at the common point.
D. Character of circular geodesics in the
Kerr–Newman spacetimes
The parameter space of the braneworld Kerr–Newman
spacetimes b − a is divided into fourteen regions due to
the criteria reflecting basic properties of the spacetimes
and properties of their circular geodesics:
• Existence of event horizons and ergosphere
• Existence of unstable and stable circular photon
geodesics
• Existence of the marginally stable geodesics or the
innermost stable circular geodesics (ISCO)
The classification is summarized in Table (III). Basically,
we combine Figure (5) with Figure (4) to obtain Figures
(6,7) where properties of the photon circular geodesics
and properties of marginally stable geodesics or ISCO’s
are reflected. We will show that the most surprising prop-
erties of the Keplerian accretion arise in the spacetimes
of Class IIIa.
Now we give properties of the circular geodesics in
all the fourteen classes of the braneworld Kerr–Newman
spacetimes, presenting and discussing typical radial pro-
files of their specific energy and specific angular momen-
tum, complemented by sequences of the effective poten-
tial. Classification of the standard Kerr–Newman space-
times according to properties of the circular geodesics
contains all the classes except those related to b < 0 –
therefore, classes VIII, IX and X are excluded.
1. Class I
Class of the black hole spacetimes with two horizons,
two unstable photon circular orbits and ergosphere. Class
border is given by line b = aph−ex(r = 4b/3, b) , b = 1−a2
with intersection at point (0.5, 3/4) (point number (6) in
Figure (6)) and line a = 0 .
Marginally stable orbits for test massive particles are
given by the inflexion point of the effective potential are
defined by equation (92) and coincide with the ISCO’s
(this is the standard scenario of Keplerian accretion:
shortly – classic).
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FIG. 9. L, E and effective potential for class I.
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2. Class II
Class of the black hole spacetimes with two horizons,
one stable and three unstable photon circular orbits and
ergosphere. Notice that the stable and unstable photon
circular geodesic are located under the inner horizon, be-
ing thus irrelevant for the Keplerian accretion. Border is
given by line b = aph−ex(r = 4b/3, b) and b = 1 − a2
with intersection at point (0.5, 3/4) (point number (6) in
figure (6)) and line b = 0 .
Marginally stable orbits for test massive particles are
given by the inflexion point of the effective potential, co-
inciding with the ISCO’s (classic).
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FIG. 10. L, E and effective potential for class II.
3. Class IIIa
Class of the naked singularity spacetimes with one sta-
ble and one unstable photon circular geodesics and er-
gosphere. The border of the Class IIIa region is given
by line b = ams(extr) and line b = 1 with intersection
points at
(
2−√3, 1) = (0.268, 1) (point number (5)) and(
2 +
√
3, 1
)
= (3.732, 1) (point number (9)). We have also
marked the point number (7) with coordinates (
√
0.5, 0.5)
where the line b = ams(extr) and line b = 1 − a2 touch
and are tangent to each other. This theoretically means
that effect of mining instability can be achieved for ex-
tremal Kerr–Newman black holes with spin parameter
a =
√
0.5 and charge or braneworld tidal charge param-
eter b = 0.5. But it occurs under the event horizon. We
have also marked the point number (8) with coordinates
(1, 0.25) giving information on minimal amount of elec-
tric charge or braneworld tidal charge parameter b.
Marginally stable orbit of massive test particles is in
case of the lower family circular geodesics given by in-
flexion point of the effective potential and coincides with
the ISCO (classic).
-40
-20
 0
 20
 40
 0.1  1  10  100
L
r
a=1.5, b=0.8Class: IIIa
L
upper sign
lower sign
L
-2
-1
 0
 1
 2
 3
 4
 5
 6
 0.1  1  10  100
E
r
a=1.5, b=0.8Class: IIIa
E
upper sign
lower sign
E
-2
-1
 0
 1
 2
 3
 4
 5
 6
 0.1  0.804  9.3  98.6
V E
ff
(r,
a,b
,L)
r
Class: IIIa a=1.5, b=0.8
L=10
L=3
L=0
L=-10
L=-20
FIG. 11. L, E and effective potential for class IIIa.
In case of the upper family circular geodesics, the in-
flexion point of the effective potential is not defined and
the sequence of minima of the effective potential contin-
ues with decreasing specific energy and specific angular
momentum of the accreting matter down to the stable
photon orbit. This orbit can be therefore considered as
ISCO of the massive test particles. We have thus found
an infinitely deep gravitational well enabling theoretically
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an unlimited mining of energy from the naked singular-
ity. In fact, such a mining instability could work only up
to the energy contained in the naked singularity space-
time. We can expect that the energy mining could work
also in more realistic situations when the naked singu-
larity is removed and an astrophysically more plausible
superspinar is created by joining a regular (e.g. stringy)
solution to the Kerr–Newman spacetime at a radius over-
coming the outer radius of the causality violation re-
gion [37, 40]. The mining could work if the matching
radius of the internal stringy spacetime and the outer
Kerr–Newman spacetime is smaller than the radius of
the stable photon orbit related to the mining instability
of the Class IIIa spacetimes.
For completeness, we give in this case also the locally
measured (LNRF) specific energy of the upper family
circular geodesics. As shown in Figure 12, the specific
energy ELNRF diverges, along with the covariant spe-
cific energy E as the orbit approaches the limiting pho-
ton circular orbit. On the other hand, Figure 13 clearly
demonstrates that the ratio |E|/ELNRF remains finite
while the orbits approach the location corresponding to
the stable photon circular orbit.
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FIG. 12. Energy measured by the LNRF observers (upper sign family orbits only) in the mining unstable Kerr-Newman
spacetimes of class IIIa. The energy diverges at the radius of the stable photon circular orbit.
Of course, the mining instability could work only if
the assumption of the test particle motion of the accret-
ing matter is satisfied. Therefore, the assumption requires
validity of the relation
|E˜| ≪M, (105)
the covariant energy of the particle (accreting matter)
has to be much smaller than the naked singularity mass
parameter M . Of course, the issue of the mining insta-
bility and the related interaction of the mining unstable
Kerr–Newman naked singularity (Kerr–Newman super-
spinar) and the accreting mass is much more complex
and deserves a more detailed study.
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4. Class IIIb
Class of naked singularity spacetimes with one stable
and one unstable photon circular orbit and ergosphere. In
the parameter space b−a the area related to this class is
not compact and disintegrates into two separated areas.
The first area is infinitely large, its border is given by
the line b = ams(extr), line b = 1 − a2, line b = 1 and
b = 0 with intersections at the point (
√
0.5, 0.5) (point
number (7)) and
(
2 +
√
3, 1
)
(point number (9)). The
second area is compact and finite. Its border is given
by the line b = ams(extr), line b = aph−ex(r = 4b/3, b),
line b = 1 − a2 and line b = 1 with intersection points
number (4), (5) and (7). It is not obvious from figures,
but b = ams(extr) and b = aph−ex(r = 4b/3, b) do not
intersect.
Marginally stable orbits of both the lower and upper
family of circular geodesics are given by the inflexion
point of the effective potential and coincide with ISCO’s
(classic). Notice that in this case the sequence of the up-
per family orbits with descending specific energy E and
specific angular momentum L is interrupted by a se-
quence where both E and L increase with decreasing
radius, corresponding thus to the unstable geodesics. In
this case, the infinitely deep gravitational well still ex-
ists, but the Keplerian accretion sequence is interrupted
and this gravitational well cannot be applied in an astro-
physically natural accretion process. Nevertheless, it is
still possible to use this gravitational well, if matter with
appropriate initial conditions (values of the motion con-
stants), enabling starting of the mining instability, could
appear close to the naked singularity.
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FIG. 14. L, E and effective potential for class IIIb.
5. Class IVa
Class of naked singularity spacetimes with one stable
and one unstable photon circular orbit. Class is without
ergosphere. Border of this class in the spacetime param-
eter space is given by line b = aph−ex(r = 4b/3, b) and
21
b = ams(extr) with intersection points (3),(5),(9) and (10).
For the lower family circular geodesics, the marginally
stable orbits defined by the inflexion point of the effec-
tive potential occur (classic). For the upper family circu-
lar geodesics marginally stable orbit is not defined, and
the ISCO is located at r = b as it is always for all classes
with b > 1. A sequence of stable circular geodesics with
sharply increasing specific energy occurs near (above) the
radius r = b, approaching the stable photon circular or-
bit. (Such sequences of stable circular orbits were dis-
cussed in [61].)
Note that probability we are actually living in a space-
time with the braneworld tidal charge parameter greater
than one is very small [26, 27].
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FIG. 15. L, E and effective potential for class IVa.
6. Class IVb
Class of naked singularity spacetimes with one stable
and one unstable photon circular orbit. These spacetimes
are without ergosphere. In the parameter space b−a, this
class is not compact and disintegrates into two separated
areas. The first area is infinitely large, the border is given
by the line b = aph(4b/3, b), line b = ams(extr) and line
b = 1 with intersection points (9) and (10). The second
area is finite and its border is given by same lines and
intersection points (2), (3), (4) and (5).
For both the upper and lower families of circular
geodesics, the marginally stable orbits of test massive
particles are given by the inflexion point of the effective
potential, governing the sequence of geodesics related to
the standard Keplerian accretion (classic). There is addi-
tional internal sequence of stable circular geodesic, with
the ISCO located at r = b, as it is always for all classes
with b > 1. This sequence approaches the stable photon
circular geodesic at the outer edge.
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FIG. 16. L, E and effective potential for class IVb.
7. Class Va
Class of naked singularity spacetimes with no stable or
unstable photon circular orbit. These spacetimes are also
without ergosphere. The border of the Class Va region in
the parameter space is given by the line b = ams(extr) and
line a = 0, with intersection point (1).
For both the lower and upper family circular geodesics,
the marginally stable orbits are not defined. The circular
geodesics are only stable, the ISCO’s are located at r = b,
as for all the spacetime classes with b > 1.
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FIG. 17. L, E and effective potential for class Va.
8. Class Vb
Class of naked singularity spacetime with no stable or
unstable photon circular orbit. These spacetimes are also
without ergosphere. The border of the Class Vb region
in the parameter space is given by the line b = ams(extr),
and line b = aph(4b/3, b), with intersection points (1), (3)
and (10). The class is infinitely extended in the parameter
space.
The upper family circular geodesics are stable only,
finishing at the ISCO located at r = b. The marginally
stable orbit exists for the lower family orbits, giving the
limit of the standard Keplerian accretion. The lower fam-
ily orbits continue downwards by sequence of unstable
orbits and finally stable orbits finishing at r = b.
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FIG. 18. L, E and effective potential for class Vb.
9. Class Vc
Class of naked singularity spacetimes with no stable
or unstable photon circular orbit. These are again space-
times without ergosphere. In the parameter space b − a
this class disintegrates into two separated areas. The first
one is infinitely extended, its border is given by the line
b = aph−ex(r = 4b/3, b) and line b = ams(extr), with the
intersection point (10). The second area is finite and its
border is given by same line b = aph−ex(r = 4b/3, b), line
b = ams(extr) and line a = 0, with intersection points (1),
(2) and (3).
The marginally stable orbit exists for both the lower
and upper family circular geodesics, giving thus the stan-
dard limit of the Keplerian accretion (classic). Both the
lower and upper family orbits continue downwards by
sequence of unstable orbits and finally stable orbits fin-
ishing at r = b.
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FIG. 19. L, E and effective potential for class Vc.
10. Class VI
Class of naked singularity spacetimes with two stable
and two unstable photon circular orbits and ergosphere.
In the parameter space the area of the Class VI space-
times has the boundary given by the line b = aph−ex(r =
4b/3, b), line b = 1 − a2 and the line b = 1, with the in-
tersection points (4) and (6).
For both the lower and upper family of circular
geodesics the marginally stable orbit exists, giving thus
the inner edge of the standard Keplerian accretion.
The upper family orbits have also a very narrow region
of stable circular orbits near the radius r = b, starting at
the stable circular photon orbit.
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FIG. 20. L, E and effective potential for class VI.
11. Class VII
Class of naked singularity spacetimes with two stable
and two unstable photon circular orbits, having no er-
gosphere. In the parameter space the area of the Class
VII spacetimes has the boundary given by the line b =
aph−ex(r = 4b/3, b), line a = 0 and the line b = 1, with
the intersection points (2) and (4).
For both the lower and upper family circular geodesics,
the marginally stable orbit exists giving thus the edge of
the standard Keplerian accretion. Further, both the lower
and upper family orbits have the ISCO at r = b where
sequence of stable orbits finishes, starting for each family
at the related photon circular geodesic.
-40
-20
 0
 20
 40
 0.1  1  10  100
L
r
a=0.15, b=1.01Class: VII
L
upper sign
lower sign
L
-2
-1
 0
 1
 2
 3
 4
 5
 6
 0.1  1  10  100
E
r
a=0.15, b=1.01Class: VII
E
upper sign
lower sign
E
-0.5
 0
 0.5
 1
 1.5
 2
 0.3  1.78  2.56 1  10
V E
ff
(r,
a,b
,L)
r
Class: VII a=0.15, b=1.01
L=5
L=2
L=0
L=-2
L=-5
24
FIG. 21. L, E and effective potential for class VII.
12. Class VIII
Class of black hole spacetimes with negative
braneworld tidal charge parameter b that has only one
horizon located at r > 0, two unstable photon circu-
lar orbits and ergosphere. In the parameter space b − a,
boundary of the region related to this class is given by
the line b = −a2 , and the line a = 0.
For both the lower and upper family circular geodesics
the marginally stable orbit exist, determining the inner
edge of the standard Keplerian disk. We obtained thus
the standard situation typical for Kerr black holes, but
no geodesic structure occurs at r > 0 under the event
horizon.
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FIG. 22. L, E and effective potential for class VIII.
13. Class IX
Class of black hole spacetimes with negative
braneworld parameter b having two horizons, three un-
stable photon circular orbits and ergosphere. Border of
the related region of the spacetime parameter space is
given by the line b = 1 − a2 , line b = −a2 , and the line
b = 0.
For both the lower and upper circular orbits
the marginally stable orbit exists, giving in standard way
the inner edge of the Keplerian accretion. Unstable orbits
exist under the inner horizon.
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FIG. 23. L, E and effective potential for class IX.
14. Class X
Class of naked singularity spacetimes with negative
brane parameter b having one unstable photon circu-
lar orbit and ergosphere. Border of the related region
of the parameter space is given by the line b = 1 − a2 ,
and the line b = 0.
In these naked singularity spacetimes the marginally
stable orbit exists for both the lower and upper fam-
ily of circular geodesics, representing thus in both cases
the inner edge of the Keplerian accretion disks. Under
the marginally stable orbits only unstable orbits exist
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for both families. From the point of view of the geodesic structure, the naked singularity spacetimes of Class X re-
semble the standard Kerr naked singularity spacetimes.
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FIG. 24. L, E and effective potential for class X.
VII. EFFICIENCY OF THE KEPLERIAN
ACCRETION
Now we are able to determine the energetic efficiency
of the Keplerian accretion. From the astrophysical point
of view, the standard Keplerian accretion is relevant in
the regions enabling starting of accretion at large dis-
tance (infinity) and its finishing at the first inner edge
that can be approached by a continuous accretion pro-
cess. We determine efficiency of the Keplerian accretion
for all the classes of the braneworld Kerr–Newman space-
times for the standard Keplerian accretion. In some of
these spacetimes there exists also an inner region where
the Keplerian accretion could work due to the decline
of both energy and angular momentum with decreas-
ing radius. However, these regions are not related to
the standard notion of Keplerian accretion and will not
be considered here for calculations of the accretion effi-
ciency. Moreover, there could exist also complexities of
the Keplerian accretion process related to the behaviour
of the angular velocity that are described in detail in [61]
– we shall not discuss these subtleties in the present pa-
per.
We concentrate our attention in determining the ef-
ficiency for the Keplerian accretion following the upper
family circular geodesics, when the efficiency can be very
high, being in some cases even unlimitedly high (for-
mally). In the case of the upper family Keplerian ac-
cretion, the efficiency is discontinuous when transition
between the naked singularity with sufficiently high di-
mensionless spin and the related extreme black hole state
is considered. The critical value of the spin, and the re-
lated critical tidal charge reads
acr =
1√
2
, bcr =
1
2
. (106)
We have to stress that the efficiency of the Keplerian ac-
cretion in the near-extreme naked singularity spacetimes
exceeds significantly efficiency in the extreme black hole
spacetimes. On the other hand, the efficiency of the Kep-
lerian accretion in the upper family regime is fully contin-
uous in the case of transition of the naked singularity to
extreme black hole spacetime with sufficiently low spin,
a < acr, and for all the braneworld KN spacetimes in
the case of the Keplerian accretion in the lower family
accretion regime. Generally, the efficiency of the Keple-
rian accretion is substantially smaller in comparison to
the upper family regime in a given Kerr–Newman space-
time.
The efficiency of the accretion for the geometrically
thin Keplerian disks governed by the circular geodesics
is defined by the relation
η(a, b) = 1− E(redge, a, b) , (107)
where redge denotes location of the inner edge of the stan-
dard Keplerian accretion disks. For the Keplerian disks
following the lower family circular geodesics, the inner
edge of the disk is always located at the marginally sta-
ble geodesic giving thus always the scenario of the Ke-
plerian accretion in the Kerr spacetimes. On the other
hand, for the upper family Keplerian disks, the situa-
tion is more complex, as follows from the classification
of the braneworld Kerr–Newman spacetimes. There can
occur three qualitatively different cases in dependence on
the combinations of dimensionless spacetime parameters
a and b.
In the first family of classes of the Kerr–Newman space-
times, the redge is simply located at the marginally sta-
ble geodesic, giving thus the scenario of the Keplerian
accretion onto Kerr black holes – this case includes all
the braneworld Kerr–Newman black hole spacetimes.
In the second family of the Kerr–Newman classes,
the inner edge of the Keplerian disk is located at the ra-
dius r = b, giving thus the special case discovered at first
for the Reissner–Nordstro¨m naked singularity spacetimes
[15, 16]. In all classes with b > 1 (IV,V) the efficiency of
the Keplerian accretion along the upper family of circular
geodesics is independent of the spin parameter a being
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FIG. 25. Energetic efficiency η(a, b) of the Keplerian accretion following the upper family circular geodesics is given in depen-
dence on the spacetime dimensionless tidal charge parameter b and the spin parameter a. 3D diagram is reflecting the position
of the special class of the mining unstable Kerr–Newman spacetimes of Class IIIa in the plane of the spacetime parameters.
Due to a complex character of the efficiency function we give also the characteristic a = const sections in the η − b plane.
defined by the simple relation [69]
η(b) = 1−
√
1− 1
b
. (108)
The efficiency goes slowly to 0% for b→∞ – see Figure
(25).
In the third and most interesting family of the Kerr–
Newman spacetime classes, redge corresponds to the ra-
dius of the stable photon orbit approached by particles
with specific energy E → −∞ and specific angular mo-
mentum L→ −∞ – notice that the limiting photon cir-
cular geodesic is a corotating one as the impact param-
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FIG. 26. Energy efficiency of the Keplerian accretion follow-
ing the lower family circular geodesics is given in dependence
on the spacetime dimensionless tidal charge parameter b for
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eter λ = L/E > 0. In the third case, the Keplerian ac-
cretion efficiency approaches (theoretically) infinity. This
effect occurs explicitly in the Class IIIa Kerr–Newman
spacetimes as clearly demonstrated in Figure (11). For
this class the tidal charge parameter b ∈ (1/4, 1) and
the dimensionless spin a ∈ (2
√
b −
√
b(4b− 1), 2
√
b +√
b(4b− 1)).
The Keplerian accretion efficiency is given for the up-
per family of circular geodesics in Figure 25, and for
the lower family circular orbits in Figure 26. Because of
its complexity, we represent the case of the upper family
accretion regime by a 3D figure with addition of the figure
representing the relevant sections a = const. In the case
of the lower family accretion regime, the representative
a = const sections are sufficient to clearly demonstrate
the character of the efficiency of the Keplerian accretion.
For the Keplerian accretion along the lower family cir-
cular geodesics the situation is quite simple and the effi-
ciency is always continuously matched between the naked
singularity and the extreme black hole states. The ef-
ficiency of the lower family regime accretion for fixed
dimensionless spin a of the braneworld Kerr–Newman
spacetimes always decreases with decreasing tidal charge
parameter b. Moreover, for fixed tidal charge b, the effi-
ciency decreases with increasing spin a.
In order to understand the upper family Keplerian
accretion regime and its efficiency, the dependences
η (b, a = const) are most instructive. They are governed
by two crucial families of curves. First, the efficiency
of the Keplerian accretion in the extreme braneworld
KN black hole spacetimes, and the related near-extreme
braneworld KN naked singularity spacetimes is given by
the relation
ηjump(b) = 1± 1√
4− 11−b
, (109)
where the + sign corresponds to the efficiency in the near-
extreme naked singularity spacetimes, while the − sign
corresponds to the related extreme black holes. Natu-
rally, this formula is relevant in the interval of the tidal
charge b ∈ (−∞, 0.5), i.e., up to the critical value
of the tidal charge. Second crucial curve is given by
the efficiency of the accretion in the limiting space-
times governed by the boundary of Class IIIa space-
times, ηmining(b, amining±(b)), where b ∈ (1/4, 1), and
amining(b) = 2
√
b±
√
b(4b− 1).
The results can be summarized in the following way.
For whole the braneworld spacetimes with the negative
tidal charge parameter b < 0, and for those with posi-
tive charge parameter 0 ≤ b ≤ 1/2, the large jump of
the efficiency in transition between the+naked singular-
ity to the related extreme black hole state occurs. Such a
jump was observed for the first time in the case of tran-
sition between the Kerr naked singularity and the ex-
treme Kerr black hole (b = 0) where η ∼ 1.57 goes down
to η ∼ 0.43 [35]. For the braneworld KN extreme black
holes (related near-extreme naked singularities), the effi-
ciency slightly increases (decreases) with negatively val-
ued tidal charge increasing in its magnitude, so the ef-
ficiency jump slightly decreases from its maximal Kerr
value. On the other hand, for b ∈ (0, 1/2), the efficiency
for the extreme black holes (near-extreme naked singular-
ities) decreases (increases), and the jump fastly increases
– for b = 1/2, the efficiency jumps from η ∼ 1.707 down
to η ∼ 0.293.
For the naked singularities with the tidal charge in
the interval 1/4 < b < 1, and the dimensionless spin in
the interval a ∈ (2√b−
√
b(4b− 1), 2√b+
√
b(4b− 1)) the
formally defined efficiency of the Keplerian accretion is
unlimited. At the boundary of this region, the efficiency
is given by the limit governed by the regular Keplerian
accretion finished at the marginally stable orbit.
For the naked singularities with b < 1/2, the efficiency
of the Keplerian accretion, starting at the near-extreme
state and keeping spin a = const, decreases with increas-
ing tidal charge down to the curve ηmining(b, amining±(b)).
Further increase of b causes entrance to the region of un-
limited efficiency. The curve η(b, a = 1) starts at b = 0
and finishes at b = 1/4, giving the related efficiency
η = 1. For spin in the interval 1 > a > 1/
√
2, the
curves η(b, a = 1) start at the extreme state and finish at
the state with 0 < b < 1/2 and efficiency η > 1. For spin
approaching a = 1/
√
2, the curve η(b, a = const) degen-
erates at the point with b = 1/2, and efficiency approach-
ing η ∼ 1.707. For higher values of spin, a ∈ (1, 2 +√3),
the efficiency curves η(b, a = const) decrease to the curve
ηmining(b, amining±(b)) with b increasing in the interval
b ∈ (1/4, 1) and the efficiency decreasing down to the lim-
iting value of η(b = 1, a = 2 +
√
3) ∼ 0.134.
For tidal charge b ∈ (1/2, 1), the efficiency of the Ke-
plerian accretion at the transition between the extreme
black hole and the related near-extreme naked singular-
ity is continuously matched. The efficiency of η ∼ 0.134
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is reached for the Kerr–Newman spacetime with b = 1
and a = 2 − √3. For values of the spin in the inter-
val of a ∈ (2 −√3, 1/√2), the transition of the function
η(b, a = const) between the black hole and naked singu-
larity states, obtained due to increasing tidal charge b, is
still continuous, and the curve ηmining(b, amining±(b)) is
reached at values η < 0.293.
With increasing spin a, the efficiency of the Keplerian
accretion decreases. It is interesting that for naked sin-
gularities having spin a higher than ∼ 4.97 and appropri-
ately valued tidal charge b, the efficiency reaches values
smaller than those corresponding to the Schwarzschild
black holes (η ∼ 0.057).
Note that the results of the Keplerian accretion anal-
ysis for the braneworld Kerr–Newman spacetimes can
be directly applied also for the Keplerian accretion
in the standard Kerr–Newman spacetimes, if we make
transformation b → Q2 where Q2 represent the electric
charge parameter of the Kerr–Newman background.
VIII. CONCLUSIONS
In the present paper the circular geodesics of
the braneworld Kerr–Newman black hole and naked sin-
gularity spacetimes have been studied and classification
of these spacetimes according to character of the cir-
cular geodesic structure has been presented. The cir-
cular geodesics have been separated into two families
– the lower family containing only the counterrotating
circular geodesics, and the upper family with corotat-
ing geodesics at large distance, but possible transforma-
tion to counterrotating geodesics in vicinity of the naked
singularity. It has been demonstrated that fourteen dif-
ferent classes of the Kerr–Newman spacetimes can ex-
ist, mainly due to the properties of the upper family
of circular geodesics. Implications of the geodesic struc-
ture to the Keplerian accretion have been given, and effi-
ciency of the Keplerian accretion have been determined.
The accretion efficiency is continuously matched between
the naked singularity and extreme black hole spacetimes
for the Keplerian accretion along the lower family circu-
lar geodesics. On the other hand, there is a strong dis-
continuity occuring in the transition between the naked
singularities and the extreme black holes for the Keple-
rian accretion along the upper family circular geodesic,
if the dimensionless spin of the Kerr–Newman spacetime
is sufficiently high (a > 1/
√
2) – the energy efficiency of
the Keplerian accretion is then substantially higher for
the naked singularity spacetimes. The accretion efficiency
could then go up to the value of η ∼ 1.707 for Kerr–
Newman near-extreme naked singularity spacetimes with
b ∼ 1/2 and a ∼ 1/√2.
For the Keplerian accretion along the lower family cir-
cular geodesics, the inner edge of the disk has to be al-
ways located at the marginally stable circular geodesic
corresponding to an inflexion point of the effective poten-
tial of the motion in accord with the scenario of Keplerian
accretion onto Kerr black holes and naked singularities.
It has been shown that the Keplerian accretion along
the upper family geodesics can give three different
scenarios. It can finish at the inner edge located at
the marginally stable circular geodesic – this is the stan-
dard accretion scenario present in the black hole space-
times. However, two other scenarios could occur in
the naked singularity spacetimes. The inner edge of
the Keplerian accretion could occur at r = b that is
the special limit on existence of the circular geodesics.
For b > 1 the efficiency of the upper family Keple-
rian accretion is independent of the naked singularity
spin. The most interesting is the third scenario, related
to the Kerr–Newman naked singularity spacetimes of
Class IIIa having an infinitely deep gravitational poten-
tial of the upper family Keplerian accretion. Then the in-
ner edge of the Keplerian accretion could occur even
at the stable photon circular geodesic, and the accre-
tion efficiency could be formally unlimited, making such
naked singularity spacetimes unstable relative to accre-
tion “mining”.
The mining instability of the Kerr–Newman naked sin-
gularity spacetimes (or related superspinars) is a classi-
cal instability that could imply interesting consequences
that we plan to study in future. Nevertheless, it is clear
that the mining instability have to be restricted at least
by validity of the test particle approximation used in
the present paper for the Keplerian accretion.
The other classical instability, related to the conver-
sion of Kerr naked singularities to extreme black holes
due to the Keplerian accretion [36], has to be treated
in future work, but this instability has necessarily much
more complex character in the Kerr–Newman naked sin-
gularity spacetimes in comparison to the relatively simple
Kerr case, due to the complexities related to the mining
instability and the influence of the tidal charge.
Interesting phenomena could be expected in the mining
unstable Kerr–Newman spacetimes (Class IIIa) even if it
will represent astrophysically more acceptable concept of
Kerr–Newman superspinar, with the inner boundary of
the Kerr–Newman spacetime located at least at the outer
boundary of the causality violation region [37, 40, 41]. We
can expect observations of extremely high energy com-
ing out of collisions in vicinity of such an superspinar,
enabled by non-existence of the event horizon and fast
rotation of the superspinar, or inversely, strong magni-
fication of incoming radiation [42, 66]. We could expect
a hot doughnut-shaped configuration of accreting matter
surrounding the superspinar, as discussed in [61].
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